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Abstract

Fatigue crack and rotor–stator rub are two important faults in rotating machinery. Researchers have mostly studied the

vibration behavior of a rotor with crack and rotor–stator rub separately. However, once the crack is developed in a rotor,

the rotor is more likely to make contact with stator under tight clearance conditions, due to increased vibration level. The

present study is aimed to examine vibration response of the cracked rotor in presence of common rotor faults such as

unbalance and rotor stator rub. Numerical and experimental investigations are carried out and steady-state vibration

analysis is presented. Experimental investigation for a multifault rotor system is attempted for the first time. The full

spectrum analysis has been used effectively to extract the distinctive directional features of these rotor faults. The

investigation focuses on directional nature of the higher harmonics for identification of rub in the cracked rotor. The study

reveals that spectrum rich in spectral lines is a rub symptom. However, these higher harmonics are weaker than the 1X

response. Rub in uncracked rotor excites forward and backward whirling frequency components almost equally. Cracked

rotor without rub exhibits strongly forward whirling vibrations. Rotor rub in the cracked rotor reveals different response

compared with the uncracked rotor, particularly the nature of 2X and higher harmonics at corresponding subharmonic

resonances. Backward whirling nature of 2X frequency component as well as that of higher harmonic (that matches with

the bending natural frequency) at corresponding subharmonic resonances, has been proposed for diagnosis of rotor rub in

cracked rotor.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

An ever-increasing pursuit of higher power and efficiency has lead to highly stressed condition of rotating
machine elements. Rotors are becoming more flexible and operating under tighter clearances and harsh
environment. Under these circumstances, the rotors are likely to develop one or more faults, e.g. crack, rub,
bow, etc. Fatigue cracking and rotor–stator rubbing are two important faults in rotating machines. Extensive
reviews of the literature on vibration of cracked shaft are presented by Dimarogonas [1] and Sabnavis et al. [2].
It is well known from the past literature [3–5] that along with increase in 1X rev. component, rotor crack
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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induces periodic steady-state lateral vibrations at twice and thrice the rotation speed (i.e. 2X and 3X rev.
components) due to breathing of the crack under gravity loading. There has been extensive research on issues
related to rotor–stator contact-related problems. Muszynska [6] presented excellent review of the rub-related
issues. Beatty [7] used the elastic impact-contact model with Fourier-series expansion for the mathematically
generated rotor response signal with rubbing condition. Ehrich [8] observed supercritical subharmonic
response characterized by appearance of chaotic behavior in the transition zone between successive orders of
subharmonic response. Feng and Zhange [9] discussed vibration response of a rotor rubbing caused by an
initial perturbation. They discussed influence of various parameters on the vibration phenomena of the rotor
system. Chu and Lu [10] observed very rich form of periodic and chaotic vibrations in their experimental
study. They found that besides harmonic components 2X and 3X, the 1/2 fractional harmonic components
such as 1/2X, 3/2X, etc., and the 1/3 fractional harmonic components such as 1/3X, 2/3X, etc., are also present
in some of the cases.

It is common practice to address fault identification in isolation from all other disturbing mechanisms.
Unbalance apart, most of past studies do not account for the presence of any other fault while investigating
the vibrations related to cracked rotor or rotor rub. A typical rotor-bearing system may very often be a
multifault system. For example, a rotor system can always has some amount of unbalance, misalignment in
the drive line, temporary bow, etc. However, these can be within the permissible limits. Simultaneous existence
of multiple faults is more realistic situation for the rotor system, particularly when the rotors are operating
under severe thermal and mechanical stresses. In such situations, when more than one fault coexists in the
rotor-bearing system, the problem of relating the observed vibration response to a particular fault could
become a rather difficult task. In recent past, few research studies have addressed this issue.

Bachschmid et al. [11] applied model-based technique for multiple faults identification using least-square
fitting approach by means of minimization of multidimensional residual between the vibrations in some
measuring planes. They showed that the method effectively locates and sizes one or two simultaneous
faults. For one fault, identification was nearly perfect, but, for two faults the error as low as 2% and as high
as 66% were reported for some of the cases. Chan and Lai [12] analyzed four cases: (i) uncracked symmetrical
shaft; (ii) cracked symmetrical shaft; (iii) uncracked asymmetrical shaft; and (iv) cracked asymmetrical
shaft. They noticed that resonance at half of the critical speed in the responses of cracked shaft and
asymmetric shaft. However, cracked shafts (cases (ii) and (iv)) also show resonance at one-third the critical
speed which asymmetric uncracked shaft did not. At half the critical speed, higher levels of vibrations were
observed for cracked asymmetrical shaft compared with the cracked symmetrical shaft. The levels of
vibrations were even larger than that at critical speed. This feature has been suggested as a reliable indicator
for detecting shaft cracks in symmetric rotors. Darpe et al. [13] studied dynamics of two crack rotor. They
modelled one crack as breathing fatigue crack and other as open crack to simulate the rotor stiffness
asymmetry. Through orbital plots and frequency spectra, different diagnostic features were proposed to
distinguish stiffness asymmetry from crack. Darpe et al. [14] investigated the effect of bow on the nonlinear
nature of the crack response. Reduction in amplitude of the response during cost up at self-balancing speed
and presence of non-zero response amplitude at the self-balancing speed were, respectively, the proposed
indicators for identification of cracked rotor and bowed rotor, when both crack and bow coexists. Wan et al.
[15] have investigated vibration of a cracked rotor sliding-bearing system with rotor stator rubbing, using
harmonic wavelet transform. Though they observed differences in wavelet time–frequency maps of cracked
rotor with and without rubbing, they have not separated out the distinctive features related to crack and
rubbing. These are few of the studies where two faults have been accounted in the rotor model apart from
unbalance.

Fault identification in rotating machinery using vibration analysis is a constantly expanding field. With
development in sensor technology, computing power and increase in knowledgebase; different signal
processing techniques were evolved over a period of time. Spectral analysis using fast Fourier transform (FFT)
algorithm is widely used technique for vibration analysis of the rotors because the spectral components and
their amplitudes vary in accordance with various fault mechanisms. The conventional FFT treats vibration
signal as real quantities so frequency spectrum looses important orbital information such as directivity i.e.
forward or backward. Full spectrum overcomes this limitation by retaining the relative phase information
between two measured vibration signals [16]. This attribute makes full spectrum one of the important
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diagnostic tools. Lee and Han [17] used shape and directivity information of the instantaneous planar motion
and its inclination to detect symptoms of the some types of the faults. Bachschmid et al. [18] demonstrated
significance of the orbit shape analysis to improve machine fault detection. Fengui and Meng [19] presented
the full spectrum cascade analysis of acceleration signal for some compound rub malfunctions. Based on full
spectra of experimental acceleration signal, diagnostic features were studied.

The rotor to stator rubbing is considered as a secondary phenomenon resulting from primary cause, which
perturbs the machine during normal operation. These primary causes could be rotor vibrations (due to
unbalance, crack, or other energy sources) and/or displacements of rotor centreline, due to rotor
misalignment, gravity force, fluid forces, etc. For the reasons cited above, it is important to examine the
behavior of one fault mechanism in presence of other disturbing functions, because sometimes presence of one
fault may lead to the generation of other fault, for example higher levels of vibration due to crack in rotor may
develop rotor stator rubbing in tight clearance situation. Both these faults (crack and rub) introduce
nonlinearity to the system of equations, generating higher harmonics in the response. In such situation, it is
important to understand their specific vibration signatures for unique fault identification. Thus, the primary
objective of the study is to investigate the vibration characteristics of cracked rotor in presence of unbalance
and rotor–stator rub. However, the study is also made to identify unique vibration features of crack and rub
faults in presence of unbalance. The equations of motion of the cracked Jeffcott rotor with unbalance and
rotor–stator rub are presented. The steady-state vibration response is obtained in presence of rotor faults (i.e.
unbalance, fatigue crack, and rotor–stator rub). The full spectrum analysis is applied to extract the distinctive
directional feature of the rotor system when these rotor faults exist together. Results obtained from numerical
simulations are verified by experimental work. Based on the study some diagnostic recommendations are
derived.

2. Equations of motion of the cracked rotor with rub-impact

2.1. Equations of motion

A Jeffcott rotor is considered on rigid-bearing supports having a central disk of mass m on the shaft of
length L. Transverse surface crack of depth a, is assumed at the mid span of the rotor. Fig. 1(a) shows the
coordinates (Y and Z are the fixed coordinates and x and Z are the rotating coordinates) in the crack cross-
section. x is the weak crack direction and Z is the strong crack direction. The unbalance eccentricity e is
assumed to be at an angle b with the weak crack direction. y(t) is the instantaneous angle of rotation and o is
the rotor speed. The equations of motion for the cracked Jeffcott rotor, can be written in fixed coordinate Y–Z

system (Fig. 1(a)) as

m €Y þ c _Y þ kyY þ kyzZ ¼ F y þm�o2 cosðyþ bÞ �mg;

m €Z þ c _Z þ kzyY þ kzZ ¼ Fz þm�o2 sinðyþ bÞ:
(1)

The forces Fy and Fz are the nonlinear rub forces. ky and kz are direct and kyz and kzy are cross-stiffness
coefficients of the cracked rotor, defined in the fixed coordinate system. These coefficients are calculated from
the stiffness coefficients kx, kZ, kxZ, and kZx defined in the rotational frame in a cross-section containing the
transverse fatigue crack. In breathing crack model considered for present study, amount of open part of the
crack continuously changes with shaft rotation, thereby accounting partial open/close state of the crack. Due
to this partial opening and closing of the crack, cross-stiffness terms kxZ and kZx appear in the equations of
motion (Eq. (1), as kxZ is related to kyz). However, kxZ comes out to be equal to the kZx:

ky kyz

kzy kz

" #
¼ T�1

kx kxZ

kZx kZ

" #
T , (2)

where the transformation matrix is

T ¼
cos y sin y

� sin y cos y

� �
.
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Fig. 1. (a) Coordinate system, (b) forces acting at the crack location, and (c) cross-section at crack location [14].
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The equations of motion (Eq. (1)) can be rewritten as

m €Y þ c _Y þ
1

2
fkx þ kZ þ ðkx � kZÞ cos 2y� 2kxZ sin 2ygY

þ
1

2
fðkx � kZÞ sin 2yþ 2kxZ cos 2ygZ ¼ F y þm�o2 cosðyþ bÞ �mg,

m €Z þ c _Z þ
1

2
fkx þ kZ þ ðkZ � kxÞ cos 2yþ 2kxZ sin 2ygZ

þ
1

2
fðkx � kZÞ sin 2yþ 2kxZ cos 2ygY ¼ Fz þm�o2 sinðyþ bÞ. (3)

It should be noted that in case of uncracked rotor, kxZ and kZx terms vanish and kx ¼ kZ ¼ k0. Here k0 is the
stiffness of uncracked shaft.

2.2. Calculation of stiffness coefficients of cracked rotor

Using linear elastic fracture mechanics theory, stiffness coefficients kx, kZ, kxZ, and kZx are computed from
flexibilities of the cracked shaft [3,14], as follows:

kx ¼
gZ

gxgZ � g2
xZ

; kZ ¼
gx

gxgZ � g2
xZ

; kxZ ¼ kZx ¼
�gxZ

gxgZ � g2
xZ

. (4)

where gx and gZ are direct and gxZ and gZx are cross-flexibilities of the cracked rotor. Total flexibility of the
shaft made up of two parts: one is the flexibility of uncracked shaft and second is the additional flexibility
introduced by the crack. The flexibility introduced by crack, changes with the amount of the open part of
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crack. As the rotor rotates, the crack breathes. The amount of open part of the crack constantly changes,
thereby changing the flexibility of the cracked rotor. In this way, partial opening and closing of the crack is
accounted in the model. The flexibilities are computed using

gx ¼
L3

48EI
þ

ZZ
128L2a02a

EpD8
F ða=a0Þ2 dadw,

gZ ¼
L3

48EI
þ

ZZ
512L2w2a

EpD8
F 0ða=a0Þ2 dadw,

gxZ ¼ gZx ¼

ZZ
256L2a02w

EpD8
aF ða=a0ÞF 0ða=a0Þda dw. (5)

where functions F and F0 in Eq. (5) are given by [20],

F ða=a0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0

pa
tan

pa
2a0

� �r
0:923þ 0:199½1� sinðpa=2a0Þ�4

cosðpa=2a0Þ
. (6)

F 0ða=a0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0

pa
tan

pa
2a0

� �r
0:752þ 2:02ða=a0Þ þ 0:37½1� sinðpa=2a0Þ�3

cosðpa=2a0Þ
. (7)

The term L3/48EI in Eq. (5) represents the flexibility of the uncracked shaft. It is important to note that,
integration limits in expressions of Eq. (5) are from 0 to a for depth of crack and the limits for width are not
specified. The limits of integration on width depend on the open part of the crack, which can be obtained from
the sign of SIF (Eq. (8)) along the crack edge. After finding the total SIF, KI (i.e. opening mode) at various
locations on crack edge, the position where SIF changes the sign can be found out. The positive SIF indicates
the tensile stress field and the crack in open state, whereas, negative SIF indicates compressive stress field and
the crack in close state. Once the amount of open part is known, integration can be performed for the open
part of the crack:

KI ¼ sx
ffiffiffiffiffiffi
pa
p

F ða=a0Þ þ sZ
ffiffiffiffiffiffi
pa
p

F 0ða=a0Þ, (8)

where sx and sZ are the bending stresses due to Qx and QZ, respectively (Fig. 1(b)). They are given by

sxðwÞ ¼
ðQxL=4Þða0=2Þ

I
; sZðwÞ ¼

ðQZL=4Þw

I
, (9)

where I ¼ pD4=64, a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 � ð2wÞ2

q
, and

Qx ¼ kxxþ kxZZ; QZ ¼ kZxxþ kZZ. (10)

There are numerous crack breathing models available in the literature. Earlier studies on vibration response
of the cracked rotor mostly considered bi-level stiffness model where the rotor assumed to possess bi-levels of
rotor stiffness corresponding to closed and open state of the crack. Several researchers then realised that in all
actual rotors, opening/closing of the crack is likely to be gradual and modelled the crack breathing with
assumption of sinusoidal stiffness variation (for example, Refs. [4,21]). However, the boundary between
opened and closed part of the crack varies continuously with shaft rotation depending upon the forces acting
at the crack section. Thus, the stiffness variation as a function of rotor orientation only may not be
appropriate in certain situations particularly for unsteady and transient loading on the shaft. The present
work considers this aspect and models the transverse fatigue crack with variable open–close area of crack,
where, the sign of total intensity factor KI (Eq. (8)) is used to decide the open/close part of the crack. The crack
stiffness estimation thus adapts to variety of rotor loadings and forces.

2.3. Rub-impact forces

Forces Fy and Fz in Eq. (2), are the nonlinear rub forces generated from the interactions between the rotor
and stator. Rotor rubbing impacts may occur intermittently and could be for very short duration. The rotor is
assumed to impact elastically with hard stator. Coulomb-type frictional relationship is considered at the
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contact. When rub occurs as shown in Fig. 2, the radial impact force FN and tangential rub force FT can thus
be expressed as [7]

F N ¼
0 for ðeodÞ

ðe� dÞks for ðeXdÞ

(
and FT ¼ mFN , (11)

where e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y 2 þ Z2

p
is the radial displacement of the rotor, d the clearance between rotor and stator, m the

coefficient of friction, and ks the stator stiffness. The forces Fy and Fz can be written as

Fy ¼ � F N

Y

e

� �
� cf F T

Z

e

� �
; F z ¼ �F N

Z

e

� �
þ cf F T

Y

e

� �
or

F y

F z

( )
¼ �

ðe� dÞks

e

1 cf m

�cf m 1

" #
Y

Z

( )
for eXd and

F y

F z

( )
¼

0

0

( )
for eod, (12)

where cf is the function, to decide the direction of frictional forces

cf ¼

�1 for oRþ vt40;

0 for oRþ vt ¼ 0

1 for oRþ vto0:

8><
>: and vt ¼ _Z

Y

e

� �
� _Y

Z

e

� �
, (13)

Solution to the nonlinear nonautonomous equations of motion (Eq. (3)) is obtained using Runge–Kutta
fourth-order numerical integration scheme. A small time step is chosen in order to ensure a stable solution and
to avoid the numerical divergence at the point where derivatives of Fy and Fz are discontinuous. Long-time
marching technique is adopted to obtain stabilized steady-state response. It should be noted that Eq. (3) are
generalized equations of motion for rotor–stator rub in cracked rotor. However, with little modifications in
equations of motion, vibration response can also be obtained for the cases of uncracked rotor without rub,
cracked rotor without rub and uncracked rotor with rub. For the uncracked rotor, kxZ and kZx terms vanish in
Eq. (3) and kx ¼ kZ ¼ k0. Where k0 is stiffness of uncracked shaft. To study rotor response without rotor rub,
the forces Fy and Fz are set to zero in Eq. (3).
3. Full spectrum analysis of vibration signal

The full spectrum is based on the rotor vibration data from lateral directions (i.e. Y and Z). In other words,
it is the spectrum of an orbit [16]. At a glance, the full spectrum plot tells us whether the rotor orbit frequency
components are forward or backward in whirl, in relation to the rotor spin direction.



ARTICLE IN PRESS

Locus of forward response vector

Forward response

Major axis

Minor axis

Locus of backward response vector

Backward response

Filtered orbit

( )j tR e ωω α
ω+

+ +

( )j tR e ωω β
ω−

− +

Fig. 3. Decomposition of elliptical orbit in to forward and backward whirling orbits [16].

T.H. Patel, A.K. Darpe / Journal of Sound and Vibration 317 (2008) 841–865 847
The process of computing either full or half-spectrum starts form digitizing the vibration waveforms. In case
of Y–Z probes measuring the rotor vibration, there is one waveform from each channel. Combined they
generate a direct orbit. Half-spectrums are independently calculated from each waveform. During this
calculation, a part of the information contained in the waveform, in particular, the relative phase correlation
between Y and Z spectrum components is not displayed. Full spectrum overcomes this limitation by retaining
the directional information of each frequency components. The process of obtaining a full spectrum includes
an expansion of the direct orbit in to a sum of filtered orbits. Each filtered orbit has, in general, an elliptical
shape. An elliptical orbit can be presented as a sum of two circular orbits: one is the locus of vector rotating in
the direction of rotation (i.e. forward whirling component), and the other is the locus of vector rotating in
opposite direction (i.e. reverse whirling component). Fig. 3 is the vectorial representation of the same.

Using the complex notations, let the harmonic signal be represented by p(t), having frequency o. The real
and imaginary parts of the complex signal p(t) are the real vibration signals, in two orthogonal directions Y

and Z, respectively. Therefore, the signal p(t) in polar form can be written using Euler’s formula as

pðtÞ ¼ yðtÞ þ jzðtÞ ¼ poþðtÞ þ po�ðtÞ ¼ Roþe
jðotþaoÞ þ Ro�e

�jðotþboÞ, (14)

pðtÞ ¼ 1
2fðyd þ zqÞ þ jðzd � yqÞge

jot þ 1
2fðyd � zqÞ þ jðzd þ yqÞge

�jot, (15)

where

poþðtÞ ¼ Roþe
jðotþaoÞ; po�ðtÞ ¼ Ro�e

�jðotþboÞ;

yðtÞ ¼ yd cos otþ yq sin ot; zðtÞ ¼ zd cos otþ zq sin ot;

Roþ ¼
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyd þ zqÞ

2
þ ðzd � yqÞ

2
q

; Ro� ¼
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyd � zqÞ

2
þ ðzd þ yqÞ

2
q

:

(16)

Here, Roþ and Ro� are the radii of the forward and reverse orbits, o is the frequency of filtering, ao and bo
are phases of forward and reverse responses, and yd, yq, zd and zq are the direct and quadrature parts of the
filtered signals y(t) and z(t), respectively.

The p(t) represents the instantaneous position of the rotor on the forward and reverse filtered orbits. Note
that the major axis of the filtered orbit is Roþ þ Ro� , while its minor axis is Roþ � Ro�

		 		. Forward precession
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of the filtered elliptical orbit (in the direction of the rotor rotation) means that, Roþ4Ro� , while reverse
precession (in opposite direction of rotor rotation) means that, RoþoRo� . The angle between the Y probe and
the ellipse major axis, (bo�ao)/2, is determined by the relative phase of forward and reverse components. The
full spectrum can be constructed from the radii of forward and reverse components of the filtered orbits.

The procedure for obtaining the full spectrum from the half-spectrums of YZ probes is shown in Fig. 4 [16].
Simultaneously sampled Y and Z transducers data are put into the direct and quadrature part of the FFT
input, respectively, consequently, the positive and negative frequency halves of the FFT are not the mirror
images. The results are then subjected to another transform for Y to Z and for Z to Y precession. In right half
part, the full spectrum plot presents the amplitude of the forward whirling frequency components (also known
as positive frequency components) of signal. The left half part shows backward whirling frequency
components (also known as negative frequency components) of the signal. It is important to note that the
forward and reverse component amplitudes can be used to recover shape of the corresponding filtered orbit.

4. Numerical results and discussion

Values of the system parameter used for the numerical simulations are as follow: mass of the disk, m ¼ 6 kg;
shaft diameter, D ¼ 25mm; shaft length, L ¼ 0.7m; external damping, c ¼ 182.56N s/m; stator stiffness,
ks ¼ 140� 10+6N/m; coefficient of friction, m ¼ 0.2 and unbalance eccentricity, e ¼ 1.0597� 10�5m. Bending
natural frequency of the rotor is 48.42Hz. In this section, nonlinear response of the rotor–stator rub impact is
analyzed for uncracked and cracked rotors. Results for cases without rotor rub are discussed first, and then for
the cases with rub. The results are compared with derive useful diagnostic information.

4.1. Unbalance vibration response of uncracked and cracked rotors without rub

This subsection discusses the directional nature of the vibration response of the uncracked and cracked
rotors in absence of rotor rub. Later on, this will be used to identify directional nature of the rotor response,
when rub and crack coexist. Fig. 5 shows the full spectrum plots of unbalance vibration response of the
uncracked rotor for the speed ratio, p ¼ 1/3 and 1/2 (where, p ¼ o/ocr), i.e. 1/3 and 1/2 of the bending natural
frequency of the uncracked rotor. Amplitude of forward and backward whirling frequency components are
calculated using the algorithm shown in Fig. 4 and plotted along +ve and �ve frequency axis to get the full
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spectrum plot. Results indicate presence of synchronous frequency component along positive frequency axis
only, i.e. backward whirling frequency component is not present. This highlights the well-known fact that
unbalance excitation is synchronous with shaft rotation speed and the response due to unbalance is only
forward whirling.

The crack due to the stiffness nonlinearity introduced because of breathing of crack shows the presence of
strong harmonics in the response. Fig. 6 shows vertical vibration response, its FFT (i.e. single-sided spectrum)
and full spectrum plot (i.e. double-sided spectrum) of vibration response of the cracked rotor (a/D ¼ 0.15) for
speed ratio, p ¼ 1/5. It can be seen that the conventional frequency spectrum (Fig. 6(b)) shows the frequency
components and its magnitude. On the other hand, full spectrum (Fig. 6(c)) clearly distinguish +ve
frequencies from �ve frequencies of the vibration response and thus reveal the directional nature of
vibrations. Vertical vibration signals and full spectra for p ¼ 1/3 and 1/2 are given in Fig. 7. It is observed that
compared with uncracked rotor (Fig. 5), 1X response increases due to presence of crack. Synchronous
vibration response at rotational speed i.e. 1X is forward (i.e. +ve) in nature, however, a weak backward (i.e.
�ve) whirling 1X frequency component also appears in the spectra. Presence of this weak backward 1X
frequency component along with the strong forward 1X frequency component is due to crack only, since
uncracked rotor shows only +1X frequency components in full spectra (Fig. 5). Weak �2X, �3X, and �5X
frequency components appear in spectra and vibration motion is forward whirling at these frequencies, as
shown in full spectra of Figs. 6 and 7. Further, among �1X, �2X, �3X, and �5X frequencies, �2X frequency
component is negligible, which suggests strongly forward whirling nature of the 2X harmonic for the cracked
rotor. It is worth mentioning here that though the full spectrum plot is spectrum of orbit, it brings out the
additional information about magnitude of different frequencies and more importantly the directional nature
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of each of the frequency component. For example, orbit plots of Fig. 8, drawn for p ¼ 1/3 and 1/2 cannot
reveal the directional nature of the vibrations at different spectral components, which was quite apparent from
their full spectra (refer Fig. 7(i) and (ii)). With increase in crack depth (refer Fig. 9) increase in vibration levels
is observed. From comparison of full spectra of cracked rotor with crack depths, a/D ¼ 0.28 and 0.15, it may
be noted that, 2X response becomes stronger in comparison with the 3X response, with increase in crack
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depth. It may be noted that, in rotors with deeper cracks, the effect of increased stiffness asymmetry dominates
the response compared with increased flexibility due to breathing behavior of crack. As a result, 2X vibration
amplitude grows significantly in comparison to amplitude of 3X frequency component. From Figs. 6, 7, and 9,
it is clear that the backward whirling 2X component is important parameter for diagnosis of crack. The other
higher harmonic components (3X, 5X, etc.) show noticeable amplitude of backward whirling component in
contrast to almost zero backward whirling 2X frequency amplitude.

4.2. Unbalance vibration response of uncracked and cracked rotors with rub

In literature [6,8,10], a variety of rub conditions were examined and subharmonic, super-harmonic, chaos,
quasi-periodic and subsynchronous response were reported for rotor rub. Rotor comes in contact with stator
when radial displacement increases beyond the clearance between rotor–stator, hence the rotor interacts with
stator during a small portion of the cycle time. This corresponds to the introduction of a wideband excitation
to the system and the complicated transient responses are thus caused in the system.

Rotor rub with stator are likely to be transient phenomena. Rub disappears as soon as clearance between
rotor and stator increases beyond the total excursion of the rotor, due to wearing of the material from rotor
and/or stator. However, this is not the case always. It is reported [6] that the rub, once initiated may persist
and then develop into the full rubbing steady-state scenario.

During rotor stator contact, forces acting on the rotor are in normal and tangential directions to the
contacting surfaces. The tangential force is due to friction between the meeting surfaces, which tries to
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accelerate the rotor centerline in reverse precession direction. For this reason, rub produces reverse
components in the full spectrum plots. In this subsection, influence of the rotor rub on the directional nature
of the rotor vibrations are investigated for uncracked and cracked rotors. Rotor–stator clearance of
1.066� 104m is considered to simulate nonlinear rubbing effects. Results are first discussed for rotor rub in
uncracked rotor and then for cracked rotor.

Fig. 10 shows the vertical vibration response its FFT and full spectra of the uncracked rotor with rub for
p ¼ 1/3 and 1/2. For the given value of the rotor stator clearance, rub does not take place at p ¼ 1/5. FFT
plots indicate strong 1X motion, in presence of other spectral components. Though the spectrum is rich in
harmonics, due to nonlinear rotor stator interactions, the harmonics are weaker in comparison with 1X
frequency component. Both +ve and �ve higher harmonics are present in the full spectra. 1X frequency
component is strongly forward whirling. It can be noted that the higher harmonics appear to be almost equal
in magnitude. However, they are forward whirling, since the +ve frequencies are marginally stronger than the
corresponding �ve frequencies, but sometimes the difference between +ve and �ve frequency amplitudes are
very less (e.g. at p ¼ 1/3 in this case) and hence difficult to notice such distinction. Full spectrum rich in
harmonics with almost equal +ve and �ve frequencies is recommended as a rub signature. This feature is not
observed for the cases of uncracked rotor and cracked rotor without rub (Figs. 5, 7, and 9), discussed earlier.
Subharmonic resonances at 1/3 and 1/2 of the bending critical speed are not observed in for rubbing rotors. It
should be noted that the directional information extracted by the full spectra, are missing in the FFT plots.
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The foregoing simulations are carried out at fraction of bending critical speed. It may be mentioned that the
choice of specific rotational speeds is not the prerequisite for the case of rub fault. Rotor–stator rub is highly
nonlinear in nature and can exhibit chaotic, quasi-periodic, subharmonic, or super harmonic vibration
response. Depending on the rotor–stator physical parameters and system parameters (such as rotation speed),
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the rub in rotor exhibits one or more of the above-mentioned vibration symptoms. On the other hand, the
cracked rotor response reveals subharmonic resonances if operated at integer fraction of the critical speed
(particularly at 1/5, 1/3, and 1/2 of the bending natural frequency) due to presence of higher harmonics in the
vibration response. Hence, selection of rotor speeds at integer fraction of the critical speeds would clearly
show up the typical crack vibration signatures. Thus, the idea here is to operate the rotor at integer fractions of
bending critical speed and to understand differences in the response of crack and rub when they exist
individually and when both exist together.

The breathing of the crack is governed by the gravity effect. Under the action of gravity force, crack opens
and closes gradually in one rotation of the shaft. However, in presence of rubbing in cracked rotor, the
combined effect of the rubbing forces, unbalance forces, and gravity determines the breathing of the crack,
and in turn the vibration response of rub-impacting cracked rotors. To investigate the dynamics involved in
rotor–stator interactions in cracked rotor, different crack depth ratios, a/D ¼ 0.15, 0.28, and 0.4 are used for
the simulations, to include the cases with shallow to deep cracks. Rest of the rotor parameters are same as
mentioned earlier.

Fig. 11 shows the time-domain response in vertical direction, single-sided spectrum (FFT) and full spectrum
plots, for the cracked rotor (a/D ¼ 0.15) with rub for speed ratio p ¼ 1/5. It should be noted that the 2X, 3X,
and 5X harmonics are mainly due to crack and harmonics at 4X, 6X, etc. arise due to rub. These harmonics
are clearly seen in FFT as well as full spectrum, but the full spectrum additionally reveals the whirl nature of
this frequencies. Fig. 12 shows vertical vibration response and full spectra when p ¼ 1/3 and 1/2. Vibration
features specific to a cracked rotor, i.e. presence of strong 5X, 3X, and 2X frequency components at respective
subharmonic resonance speeds (i.e. p ¼ 1/5, 1/3, and 1/2), are clearly visible in full spectra. Typical rotor-rub
indicator, i.e. spectrum rich in spectral lines, is also observed in the full spectra. Vibration response shows
that, rotor rub modifies the vibration response of the cracked rotor. Comparing full spectra of vibration
responses of uncracked and cracked (a/D ¼ 0.15) rotors without rub (Figs. 5–7, respectively) and those with
rub (Figs. 10–12, respectively), differences of nature of the vibrations is apparent. It should be noted that the
rub was not observed for uncracked rotor at p ¼ 1/5, however, due to presence of crack, the vibration level
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increases slightly at p ¼ 1/5, which is sufficient to develop rub in the cracked rotor. One important observation
can be made regarding the nature of the twice the rotational frequency component (2X). In case of cracked
rotor, the motion at 2X frequency is strongly forward with almost zero amplitude of backward whirl
component. Harmonic at 2X frequency is weak for rub-impact in uncracked rotor in comparison with 1X.
Though the difference between forward and backward whirling 2X components is very less and whirl at 2X
harmonic is marginally forward. Whereas, in presence of both the rotor faults i.e. rub in cracked rotor,
relatively strong backward 2X precession vibration motion is observed for all speed ratios p ¼ 1/5, 1/3, and
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1/2 (Figs. 11 and 12). This typical feature is quite noticeable particularly for the rotation speeds up to half the
bending critical speed. Vibrations at 3X and 5X frequency components are backward whirling for p ¼ 1/3 and
1/5, respectively. However, this trend of 3X and 5X harmonics is not regular, e.g. at p ¼ 1/2, 3X response is
forward whirling, although with a strong backward whirl component.

To understand more about the nature of motion at 3X and 5X frequency component and about the
sensitivity of rotor response to crack depths, full spectrum plots of the vibration response of the cracked rotor
for crack depths, a/D ¼ 0.28 and a/D ¼ 0.4 are obtained as shown in Figs. 13 and 14, respectively. The typical
directional nature of the vibrations at 2X, 3X, and 5X frequency components noticed for crack depth
a/D ¼ 0.15, is also clearly noticed for higher crack depths, i.e. a/D ¼ 0.28 and 0.4 with increased vibration
amplitudes showing sensitivity of these fault detection parameters to the depth of crack. It should be noted
that at p ¼ 1/5 and 1/3, the 5X and 3X harmonics, respectively, matches with the bending natural frequency of
rotor and the cracked rotor experience resonances at these speeds. Therefore, the vibrations of 3X and 5X
frequency components are backward whirling, if they are excited due to corresponding subharmonic
resonances (i.e. p ¼ 1/3 or 1/5). Presence of strong 2X harmonic as well as 3X and 5X frequency components
at respective subharmonic resonances is typical of cracked rotor and backward whirling nature of vibrations
at these harmonics is attributed to the rub phenomena. It is important to emphasis here that when p ¼ 1/5, rub
has just initiated in the cracked rotor and vibration response still exhibits backward whirl for 2X and 5X
harmonics. This signifies the effectiveness of these fault features even when the rub has just started developing.

It is important to recapitulate that, for rub in uncracked rotor, +ve and �ve higher harmonics are weaker
compared with 1X and they are more or less equal in magnitude. In case of rub in cracked rotor, 2X, 3X, and
5X frequency components are sufficiently strong along both sides of full spectra. Hence, from diagnostics
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Fig. 13. Full spectrum plots of cracked rotor (a/D ¼ 0.28) with rub: (a) p ¼ 1/5, (b) p ¼ 1/3, and (c) p ¼ 1/2.
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point of view, it is important to monitor the nature of motion of 2X frequency as well as higher harmonics at
corresponding subharmonic resonances (i.e. 3X at p ¼ 1/3 and 5X at p ¼ 1/5). When rub occurs in cracked rotor,
2X vibration motion is backward in nature. Motion of 3X and 5X frequencies are backward whirling, when
excited at subharmonic resonances at one-third and one-fifth of the critical speed, respectively. It may be noticed
that this trend is consistently observed for all fractional critical speeds and crack depths considered for the study.
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5. Experimental results

The experimental work is carried out on a rotor-bearing system that consists of a circular steel shaft with
central disk supported on a pair of ball bearings (Fig. 15). An induction motor drives the system through three
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jaw flexible coupling. The alignment between motor shaft and rotor shaft is done using reverse dial indicator
method. Provision is made to induce rub in the system using an arrangement shown in Fig. 15. Stopper is also
provided above the disk, to limit higher vibration levels, which otherwise may damage the sensors.

Since, the study covers vibration response of uncracked and cracked rotor with and without rub, two shafts;
one uncracked and other cracked are used in experiments. A transverse fatigue crack is developed using three-
point fatigue bending method on a fatigue tester. To initiate the fatigue crack at desired location, a fine slit of
about 0.7–1.0mm depth is made using jeweller’s saw. The shaft is placed on a fatigue-bending machine and
subjected to cyclic loading, until the crack is propagated to a desired depth. Cracked shaft with crack depth
ratio of a/D ¼ 0.28, is used for present work. The crack is located at 3mm from the disk face. Disk weighs
5.65 kg. Both the shafts, i.e. uncracked and cracked, have 25mm diameter and 0.7m length between bearings.
Single row deep groove ball bearings (SKF 6204) are used to support the rotor. The rotor is driven using
Siemens make 750W-3 phase induction motor with Micromaster controller.

Vibrations are sensed using Bently Nevada make eddy current proximity probes (3300 series). The eddy
current probes sense the vibration signals of the rotating shaft. Two probes are used to monitor vibrations in
horizontal and vertical directions. One additional probe is kept near the coupling, signal from it act as the
reference signal. Vibrations sensed by the probes are conditioned by proximeter before sending it to A/D card
plugged to the computer. A LabviewTM program is written to acquire the vibration data using A/D card. The
digitized data are stored, which can be processed further to extract useful diagnostic information.

Experiments are carried out for uncracked and cracked rotors with and without rub. The bending natural
frequency of the rotors is found to be 48Hz. The electric motor is operated at constant subcritical speeds,
p ¼ 1/3 and 1/2 (i.e. 16 and 24Hz, respectively). These speeds correspond to the integer fraction of bending
critical speed of the rotor, which are found using rap test on the rotors. The steady-state lateral vibration
signals are recorded using probes i.e. horizontal and vertical directions and results are presented in the form of
full spectrum plots. Whenever required, rub is induced at disk location by adjusting the gap between disk and
bolt. The bolt is advanced to a desired position until rub impact is observed. Finally, locknut is tightened to
restrict further movement of the bolt. Experimental results are first discussed for rotors without rub and then
with rub.

Fig. 16 shows the full spectrum plots of the vibration response of uncracked rotor with residual unbalance.
Forward whirling 1X component dominates the spectra. Weak harmonics i.e. 2X, 3X, etc. are also present,
however, at p ¼ 1/2, 2X increases to a noticeable magnitude. Appearance of harmonics in a rotor system,
where unbalance is the only known rotor fault, is due to residual misalignment and other inherent nonlinearity
of the rotor-bearing system. Vertical vibration signals and full spectra of the cracked rotor are presented in
Fig. 17. There is an increase in magnitude of 1X, 2X, and 3X harmonics in comparison with the uncracked
rotor. Furthermore, these harmonics exhibit forward whirl. When p ¼ 1/3, �3X component of considerable
magnitude appears where as at p ¼ 1/2, �2X is relatively very weak compared with +2X harmonics. This is a
clear experimental validation of strong forward whirl nature of 2X vibration for cracked rotor as observed
through numerical study (Fig. 9). Forward whirling nature of the unbalance and crack (a/D ¼ 0.28)
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Fig. 16. Full spectra of experimental response of uncracked rotor without rub: (a) p ¼ 1/3 and (b) p ¼ 1/2.
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excitations, found in numerical simulations (Figs. 5 and 9) are also verified from experimental investigations
(Figs. 16 and 17).

The experimental response of rub in uncracked rotor is shown in Fig. 18. Rub generates many harmonics in
the spectrum, particularly when p ¼ 1/3. For p ¼ 1/2, first three harmonics are significant. Nevertheless, 1X
frequency still dominates the spectra. The higher harmonics appear on both sides of the full spectrum (i.e.
along +ve and �ve frequency axis). This feature is typical to a rotor rub and should be used for rub diagnosis.
From the full spectrum plots, most of the higher harmonics appear to be the same in magnitude along both
sides of the spectrum. However, the numerical values of +ve and �ve frequency components listed in Table 1
for the first five harmonics point out that the vibration motion at these harmonics is forward whirling.
Subharmonic resonances are not observed in this case. It may be noticed that the vibration waveforms of the
cracked rotor without rub (Fig. 17(a) and (c)) and rub in uncracked rotor (Fig. 18(a) and (c)) look quite
similar and hence may not directly and conclusively point out the type of malfunctions prevailing in the
system. However, their full spectra are quite distinct and could indicate the developing rotor fault. Full spectra
of the cracked rotor (Fig. 17(b) and (d)) is dominated by forward whirling first three harmonics, however, full
spectra for rub in uncracked rotor (Fig. 18(b) and (d)) show spectrum rich in harmonics (up to sixth harmonic)
with almost equal forward and backward whirl components. Fig. 19 shows the vibration waveforms and full
spectra for rub in cracked rotor case. Vibrations at 2X frequency component are backward whirling for both
the speeds, i.e. p ¼ 1/2 and 1/3. Response at 3X is clearly backward whirling for p ¼ 1/3, which is its
corresponding subharmonic resonance speed. When p ¼ 1/2, 3X harmonic reduces and is of negligible value.
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Fig. 17. Vibration response and full spectrum plots of experimental response of cracked rotor without rub: (a, c) vertical vibration

response; (b, d) full spectra; (i) p ¼ 1/3 and (ii) p ¼ 1/2.
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It may be noted that for uncracked rotor with rub, 3X was significant in the spectra at p ¼ 1/2. Table 2 lists the
amplitude of +ve and �ve frequency components.

Experimental observations for rub in uncracked and cracked rotors are corroborating the numerical
findings. It is important to note that, for the case of rub in uncracked rotor, the difference between forward
and backward spectral components is too small for most of the times and may not be distinguished from
experimental vibration signals. Hence, establishing the exact directional nature for such harmonics is difficult.
However, for rub in cracked rotor, difference in forward and reverse 2X and 3X harmonics is of significant
magnitude and can be used with confidence to establish the whirl nature of the vibrations at these harmonics.
From the numerical and experimental investigations presented for rotor speeds at integer submultiples of
natural frequency, the salient observations regarding the whirl nature of the rotor faults (i.e. crack, rub and
rub with crack) is tabulated in Table 3.

It should be noted that the results presented here are for a rotor system having fatigue crack near center of
the rotor span. The rotor stator rub is considered between disk and stator at the disk location, which is also
situated centrally on the shaft span. Locations of crack and rub are close to each other; at the center of the
shaft span. The results are applicable to the case when crack and rub are close to each other and in the mid-
span. The main focus in the paper was to consider these two important faults in the rotor-bearing system
together and understand the effects of them being simultaneously present. Since Jeffcott rotor model has been
considered for simplicity, it was not possible to investigate relative influence of spacing between crack, rub and
sensor locations on the results presented in this study. Indeed it would be interesting to understand to what
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Fig. 18. Vibration response and full spectrum plots of experimental response of uncracked rotor with rub: (a, c) vertical vibration

response; (b, d) full spectra; (i) p ¼ 1/3 and (ii) p ¼ 1/2.

Table 1

Spectral components for rub in uncracked rotor

Speed ratio Frequency order Positive (+ve) frequency

amplitude (m)

Negative (�ve) frequency

amplitude (m)

Whirl nature

p ¼ 1/3 1X 8.155e�05 1.203e�05 Forward

2X 1.443e�05 1.254e�05 Forward

3X 1.488e�05 1.027e�05 Forward

4X 1.268e�05 1.224e�05 Forward

5X 0.888e�05 0.761e�05 Forward

p ¼ 1/2 1X 8.384e�05 1.965e�05 Forward

2X 1.962e�05 0.600e�05 Forward

3X 1.381e�05 1.194e�05 Forward

4X 0.363e�05 0.196e�05 Forward

5X 0.170e�05 0.104e�05 Forward
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extent this factor (i.e. location of crack, rub, and sensors) plays role in the observed dynamic phenomenon.
For this purpose, the current model of rotor system would be extended to finite element approach in future
study. However, the maximum displacement and likelihood of rotor–stator contact is more in the mid-span in
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Fig. 19. Vibration response and full spectrum plots of experimental response of cracked rotor with rub: (a, c) vertical vibration response;

(b, d) full spectra; (i) p ¼ 1/3 and (ii) p ¼ 1/2.

Table 2

Spectral components for rub in cracked rotor

Speed ratio Frequency order Positive (+ve) frequency amplitude (m) Negative (�ve) frequency amplitude (m) Whirl nature

p ¼ 1/3 1X 8.466e�05 1.343e�05 Forward

2X 0.300e�05 1.256e�05 Backward

3X 2.815e�05 3.601e�05 Backward

4X 0.176e�05 0.194e�05 Forward

5X 0.072e�05 0.064e�05 Forward

p ¼ 1/2 1X 8.609e�05 1.051e�05 Forward

2X 2.224 e�05 3.546e�05 Backward

3X 0.110e�05 0.064e�05 Forward

4X 0.048e�05 0.046e�05 Forward

5X 0.054e�05 0.004e�05 Forward
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a normal speed range of operation of rotor. Similarly, due to the fact that likely chances of rotor crack is also
near the center of the shaft for similar reasons and larger bending stress, the location of crack and rub
considered in the present study caters to the most likely situation.
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Table 3

Whirl nature of rotor vibration response for different faults

Frequency order Cracked rotor Rotor rub Rub in cracked rotor

1X Forward whirling with weak

�1X component

Forward whirling with significant �1X

component

Forward whirling with

significant �1X component

2X Strongly forward whirling with

negligible �2X

+2X and �2X are mostly equal in

magnitude

Strong +2X and �2X

components with backward

whirling vibration motion

3X and 5X at

p ¼ 1/3, 1/5,

respectively

Forward whirling with weak

�3X and �5X

Positive (+ve) and �ve frequency

components are almost equal

Backward whirling
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6. Conclusions

Common practice for fault identification in a rotor system is to look for individual fault symptoms in the
vibration response. However, a typical rotor system is likely to have more than one fault present in the system.
This paper presents one such case, where multiple faults are considered together in a rotor system, i.e.
unbalance, crack, and rub. Numerical simulations and experimentations are carried out and vibration signals
are analyzed using full spectrum analysis. It is revealed that the relative phase information between the
vibration signals in two directions is important to relate the nature of vibration excitations with the rotor
faults. The present study shows that full spectrum utilizes this directivity information of the rotor orbit and
effectively reveals the whirl nature of the excitation frequencies. It has been shown that experimental
investigations matches well with the theoretical findings. From the investigations, relatively new diagnostic
recommendations are proposed, when rub occurs in the cracked rotor.

Excitations due to unbalance and crack are strongly forward whirling in nature. Vibration motion at 2X
harmonic is strongly forward in cracked rotor, in comparison with vibrations at 1X, 3X, and 5X harmonics.
Since rub-impact is transient in nature, it gives broadband excitation and the spectrum of the rub signals
shows numerous spectral lines. It has been shown that rub in uncracked rotor excites forward and backward
whirl frequencies almost equally and this is suggested as fault feature typical of rotor rub. When the rub is to
be identified in the cracked rotors, it is important to observer the nature of the 2X vibration motion. It has
been shown that when rub develops in the cracked rotor, the original strong forward 2X vibration motion of
the cracked rotor (typical of crack fault) changes to backward whirling. This trend is observed for all
rotational speeds up to half the bending critical speed. Backward whirl nature of higher harmonics at
corresponding subharmonic resonances i.e. backward whirl nature of 5X at p ¼ 1/5 and that of 3X at p ¼ 1/3
is also recommended to identify rub in a cracked rotor.
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